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I. Recap of MOTLKH Candace 's talk

Last  week
,

Candace defined the  category of pure  effective Chow  motives  over K
.

Notation K  a field ( base field ) ,
Fa field with Charl # =O ( Coefficient field )

z ;  a  smooth

~
an  adequate  equivalence  relation

so ... for example ,
" ametylk

Cycles will look

Def The category of effective  chow  motives  over k with coefficients  In F
,

UM
£%¥i

Thief
denoted by Motntf ( k ,F) is the pseudo  abelianization of Corrnfk) XOF

Def By formally inverting the Lefschetz  motive IIK ,
we get the  category of pure  motives  over  K

,

which  we 'll  write  as Motlk ,F )
.

As  a  reminder :

* Obj  Mottk ,F ) = { LM.in ) I Mt Objmotefkk,
F)

,
MEI }

*
Homma,⇒( ( Minn )

,

( Mini ) ) = Hom .no#a.m(M0tI'YIM'0tINrT) with Nxmm .

so ...
 objects of this  category are LX

' Pm ) where §gty.SN?ae9mtpdotent1projector)

In this talk
,

we 'll attempt to  answer the following :

µut#N¥o*mt

#IealogBEky.PwYae9sidawweeIYoiYommIotgYfineorgif@0poegm.uk
, g.  www.  we  want ?

%l*#**##,*#%#t
II . Why did we construct Moth ?

An issue :

Depending on the base field
' K we 're  working over ,  we have  a lot d cohomology theories .

A few  examples  we 'll  see  In this talk :

...

under  certain
conditions,

we  also

have :

•Betti  cohomology : When K  is  a  subfield of �1�
.

In this  case
,

we

,

require F. Q

#
de

Rhamlfsnoenofoermlgohism•Algebraic de Rham  cohomology

"

µ- Artin  isomorphism•tadicletale cohomology : Fix Prime l
.

Can  use  when char Ktl ; F  = Qe .•
Crystalline  cohomology : when  Char ( k ) =L

.
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These  are  all examples of Weil cohomology theories . ( Which will be  defined soon )
In  algebraic topology ,

there  are  also  several cohomology theories
,

but

for  reasonable spaces , they agree .

Grothendieck pictured a
" universal

"

Ifconomowgytneoryar

xnxx.mn#hIrnIhtzxT7Ep@-m-~~IbIeggErtnisD
algebraic  varieties : There  should be  a  " Universal

"

cohomologytheory Is ••
The theory of

(
for algebraic varieties ! There  ought to  exist  a§Motives ! suitable Q - linear  semi  simple  abelian  monoidal category

KEhgeymeguweilwnomowgytneg.edu
...

$
For  reference :

a

,
Qytinear

 semi  simple  abelian  monoidal category

÷

'

'

-71Horn . sets  are Q - vector

fgpafnesjpanadrtofnpfisinhnemas

|

The  category comes equipped with

u a  monoid structure

Each object is  a direct  sum of
finitely - many simple objects ,

and

All such direct  sums  exist .

Recall : An  Object  is  simple

III. Weil cohomology theories

Abstracting the properties that the previous  cohomology theories  share  leads  us  to  the definition of a

Weil cohomology theory , Our goal for this  section  is to give  a precise definition,  and to give reasoning why

the previous  examples  are  indeed Weil cohomology theories .
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| f Graded kralgebra

;

Ref ( From  Murreetal . ) A Weil cohomology theory is  a funotor , H*( X) → Otflifx ) ;
1

,

H : Smprojlk )°PP-s Gryeot ,

!Xa smooth projvarietyofdimn ;
a

- . - ... ...  - .
...

...
charity -0 .

which satisfies the following axioms

*  *  *

d) There  exists  a  Cup product U : HLX )×HLX ) → HLX ) which  is graded and Super  commutative

lie
. If  atttilx )

,
be Htcx ) , then bua  = this aub

(2) Poincare
'

duality : There  exists  an  isomorphism Tri HZNLX ) →  F  such that

Hi(×)xH2niC×) -uH2n( X ) # F  is  a perfect pairing .

in particular , Hotpoint ) ±F
.

e) Kilnneth formula : For X. Y in Smprojlk)
. .

H *

( x ) 0 H*( y ) # H*LX×Y ) C isomorphism  via # opjx ... )

(4) There  are  cycle  Class  maps f Algebraic  cycles  of codim  I

8× : Cticx ) → HZKX) which are

• functorial In  the sense that for f :X  → y in Smprojlk)
,

we  have f*oJy=8×f* AND

f*°T×=8y°f* f*=  pullback f-
*

=

 push forward
• compatable with intersection product :

K,
( d. p ) = 8×4 )u8×(p )

• For  points P
,

the following diagram  commutes :

CHIP ) # Hoop)

fdea 1¥
"

I -

(5) Weak Lefschetzi Let  YEX an  nt  dimensional smooth hyperplane section  via

i : Y - X . Then :

an  isomorphism for je n . I

Hilx ) # Holy) is {
inactive for jent

(6) Hard lefschetz : The lefschetz  operator L (d) =L VK.LY ) induces isomorphism :

Lni : Hnilx) -~xHnti(× ) Oken
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Def Let XESMROJCK)
,

with  K -0>0
.

 The Betti  cohomology of X  is the  singular  cohomology of X viewed

In �1� via  o . ( Cohomology of Cl . points )

D-of let Xtsmprojlk) with K  algebraically closed
. We have the derham  complex :

n : : an :-X ,

-  
... Tex - o

We define the algebraic derham cohomology of X to be the hyper  cohomology of this complex .

Hiram . Hittxl( Hope!g"ggqonjgw.my?ojma.a.nYfeennne)HiCn.D:=HnLtCx.I.DClAim_BeHi/singuLar

 cohomology is  a Weil cohomology theory .

III. Does Motlk ) give a
"

good
"

category of motives ?

• •

Theorem ( Jannsen) Mot ( k ) is  a  semi  simple  abelian  category if ( and only if ) the adequate -

I equivalence  relation Is  Numerical equivalence .

p

Motnfk ) is  a Q - linear pseudo  abelian tensor  category :

The tensor  structure :

Mott k ) × Mott k )
0

> Motdk ) µ Reflects the cap product  axiom

(X. p.m ) 0 ( Y
, qn ) ÷ ( X×Y

, pxq ,  mtn ) of Weil cohomology theory

Also
,

there's a duality operator :

Motn (K)
OPP D

> Mott k ) f.
dim " "  "

µ much Wke Poincare
'

duality .

M= ( X
, p.m ) H DLM ) :'-( X , tp ,

n - m )


