L. Recop of Mot(k)/Landaces talk
Last week, Candace defined Hu categqory of pure effective Chow wotives over K.
Notation K a field (basefieid), Fa field wikh char(F)<0 (coefficient fieud)
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denoved by Mot (kF) is tue pseudooelianization of Cor (K)BF

Def By Jormawa inverting fie Lefschetz motwe Iy, we get #ae (ategory o} pure motives over k,
which well write 05 Mot (k). As a reminder -
* 0bj Mot_(kF) = {M) | MeOl MASTCE), e 5
* HDWL,,W)((M”*)' (M’,M')) = Homm%gMa L M) i N>mm.
50 Objects f tuis category are (X, pon) where J X € SmFroy(0)
p-p’ (iMmpD’cm’c/pmjccw/)
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In twis talk, well attempt t0 answer tne §ollowing:

¢ Why did we build Mot (k)7
° What 5 & Weil cohomology ercrnal.

* Does Mol(k) give us what we want?

]I- Why did we construct Mot (K)?

An is5uc:
D&Pwdii‘lg m /e base cfiud Kk were working over, we have a lot of cohamolmga theories.
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A few exampes well see in this talk: n s, we aisp
hawve:
° j o [ i
Betti oahvmowgv= Wien « is a subfieid 4 L. In this case, we require F= Q. denhﬂw‘gngx o

® Algebmic de Rham cohomology "
* L-adic/étols cohomology: Fix  prime L. Can use when chark 4 F= Q.

*Crystalline Cohomolefly: When  Cchar (k) =X
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These are all examples of Weil cohomologq u dueories. (Whach will be defined soon)
In algebraic Jcopoho%to, Hhere are also several cohomology tueories, but
§or reasonable spaces, Mﬂ agree.
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For reference:

o Q-linear semisimple abelian monoidal category)

Hom-sets are Q-vectov
spaces, omd  Compositions

6} maps are () -bilinear The category comes equipped wikd

A monoid shructure

Each object 1 & dictet swm of
Jinitely-mony simple objects, and
O suh girect sums 2xisk .

Recall: An object 1s simple

. weil cohomolog y thepries
Abstmctintj the properties that the previons cohomologyy theories share (eads us+o Hwe Arfinhen § e

Well cohomology Hheory. Dr goal fov s sechon is T give 0. Precise definifion, ana o giwe reasoning why

the previous examples are indeed Weil cohomolngxa Hreovies.
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Bef (Fom Mure ctal.) A Weil cohomology theory is o functor | H(X) > @Hl(x)
|
H SmPej (0™ Grvecty X & Sthp)arioly of dim

which satisfies the Jollowing oxioms

() There exists a cup product U HUX) xHUW) — HIX)  which 1 graded and Super commutative
ie. 1§ aeH(), be H(x), #an bua = cavb
@) Poincare duality: There exists an isomorphism Tre H*(X) == F  such that
H (x) x H" () —— H*"(X) == F isa perfect paring.
in particular, H°(point) 2F.
@ Kitnneth formula : For X4 in SmPrj(K)..
H*(x) ® H'(4) —— H*(x9) Cisomorpism 144 R pe.)
@ There are cyde closs mops
Xx S CH) — HZi(X) which are
* Junctorial in Hasense Wat for f XY in SmPeyUd, we have Ty = Kf T A
vy - %4, {*- puliback  f, =push jorward
® compatable with inersection product :
B (o) = Ylot) U ¥ (@)
* For points P +he following diagram commutes:
HP) —% Hip
l deg 1'&
L — F
() Weak lefschetz < Let YEX an w1 dimensionak smooth hyperplane sechion aia
g — X JTlnevn: . | an TsomorpSI for j< -1
HOO == s | e for e
(@ Hard (efscnetz < Tne lafsthetz operatsr  Llat)= U ¥, (Y) induces 150morphiams:
™" B0 —2> ™0 0%ien
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e Lt XeSmPoj(a, with k<> €. The Belfi cohomology of X is the singular conomology of X viewed
ml va o Lcovmmou%q’ ﬂ'/'pa'mbﬁ)

@5 Leb XeSmProJ(.k> with k algevraically closed We hawe 4o deRham complex:
Ny Q =1, —’_)-q_x T Nk o
We Aefine the  algeonmic deRnam cohemolog of X tobe Hu hyper cohomelogy of s complx:

Hae) = H'() Yoo

'ngucahnmalot}g” = take an injechive

resomtion I* of Oy Then
H(oy:) = (L 1)

Claim Beti /singular cohomologsy o o Weil conomotoge Hnevy

E Does Motlk) guea “geod” cateqohy o motives?

Theortm (\Sawmsu\) Mot (k) is a semisimpl abcham category if (amd mua'ug) fne adequate
equivalence Telahon 1S Nwmerical equivatence

Mot (k) is a (B-Linear pseudo abeliom tensor categqovy:
The tensor shucture:

Mot (k) x Mot (k) —2— Mot (k) Reflucts he cup product axiom

(XJ’:’“) ® w,g,'t) - (XXV, Pxq M+m) of  Weil cohomology Hheory
Also, 'Hl&féf a o&wtiﬁg, operator: Ao

Mok, (k) PP ——=—— Mot (k) Mach D Pongut dvatity

M= (X, pﬂw) = D)= (X, Tp, n-m)



